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The radiation reaction (RR) is expected to play a critical role in light-matter interactions at extreme
intensity. Utilizing the theoretical analyses and three-dimensional (3D) numerical simulations, we
demonstrate that electron reflection, induced by the RR in a head-on collision with an intense laser
pulse, can provide pronounced signatures to discern the classical and quantum RR. In the classical regime,
there is a precipitous threshold of laser intensity to achieve the whole electron bunch rebound. However,
this threshold becomes a gradual transition in the quantum regime, where the electron bunch is quasi-
isotropically scattered by the laser pulse and this process resembles a water splash. Leveraged on the
derived dependence of classical radiation rebound on the parameters of laser pulses and electron bunches, a
practical detecting method is proposed to distinguish the quantum discrete recoil and classical continuous
RR force.
DOI: 10.1103/PhysRevAccelBeams.22.093401
The motion of charged particles within an electric-
magnetic field is always accompanied by the emission
of radiation and its corresponding recoil [1]. Normally, the
radiation reaction (RR) effect is extremely small compared
to the dominant Lorentz force, but it has a significant
impact on violent universe environments, such as the Crab
Nebula invoked by a stellar explosion [2,3], curved space-
time near magnetized black holes [4,5], and relativistic
current sheets in pulsar wind [6]. On Earth, avoiding the
energy dissipation of the RR and exploiting its pertinent
photon emission, scientists employ linear accelerators to
generate high-energy electron beams [7,8] and meanwhile
utilize the synchrotron mechanism to produce brilliant
x- and gamma-ray light sources [9–14].
Since the seminal theoretical exploration in 1938 when
Dirac proposed the renormalized Abraham-Lorentz-Dirac
equation [15–17], the debate about the exact form of the
RR has never ended [18–22]. Currently, in the classical
regime, the prevailing Landau-Lifshitz (LL) force [18],
circumventing the notorious runaway solution, describes
the self-consistent continuous reaction of electron dynam-
ics. In the realm of quantum electrodynamics (QED), the
discrete recoil characterized by χe ¼ jFμνpνj=meEs [20] is
more suitable to reproduce multiphoton scattering [23–29]
and quantum quenching [30]. Here, Fμν is the field tensor,
pν is the four-vector momentum of the electron (mass me
and charge e), and Es ¼ m2ec3=qeℏ ≃ 1.3 × 1018 V=m is
the Sauter-Schwinger field [31,32].
Through the Lorentz boost to amplify the electric field in
the instantaneous frame, the relativistic electron (energy εe)
colliding with a laser pulse (intensity I0) is the optimum
configuration to investigate the RR [33–38], where the
invariant parameter is estimated as χe ≈ 0.66εe½GeV
ðI0½1023 W=cm2Þ1=2. For the weak quantum situation
χe < 1, experiments have already elucidated the energy-
damping effect of the RR via all-optical Compton back-
scattering (at χe ≲ 0.2) [39,40]. For the strong quantum
regime χe > 1, theoretical studies demonstrate that both
radiation damping and quantum discrete recoil substan-
tially influence the interaction processes [41–54]. However,
there is still no experimental result to examine the quantum
stochastic discrete recoil, because, when a pulse with
intensity I0 ≲ 1021 W=cm2 counter collides with GeV
electrons, the quantum parameter reads merely χe ≲ 0.1.
With the development of optics [55–57], the state-of-the-art
laser technology [58] provides the next-generation facilities
[59–62] with an opportunity to achieve intensities beyond
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1023 W=cm2 (e.g., the extreme light infrastructure project
[63,64]), which opens up a new avenue to attain χe ≳ 1 for
the above target.
In this paper, we propose a theoretical scheme to
distinguish the continuous damping and stochastic discrete
recoil in classical and quantum RR models, where an
ultrarelativistic electron bunch from wakefield accelerators
[65–68] is used to collide with a counterpropagating high-
intensity (I0 ≳ 1023 W=cm2) laser pulse shown in Fig. 1(a).
When the RR is taken into account, our scheme has two
distinct features. First, in the classical regime, the longi-
tudinal damped electrons will be deflected or even perma-
nently reflected by the synergy between transverse expulsion
and the insufficient longitudinal compensation of the laser
ponderomotive force [69]. Second and more importantly, in
the quantum model, the stochastic recoil makes electrons
have quasi-isotropic distribution over a wide range of
parameters. These phenomena of electron eventual patterns,
comparable with the intricate photon radiation spectral
[70–72], are more feasible to be detected in an experiment
to differentiate the discrete quantum recoil from the classical
continuous one. Three models are employed in characteriz-
ing the interaction here. For clearness, each of them is given
an abbreviation when being discussed in text or exhibited in
the figures: first, the Lorentz force without the radiation
reaction effect, which is named as noRR, second, the classical
radiation reaction force of the Landau-Lifshitz formula,
which is termed as classical LL, and third, the quantum
discrete radiation recoil, which is abbreviated as QED.
In the head-on collision between an electron and a short
pulse, three distinct stages exist. (i) Slow down.—The
electron dissipates energy when colliding with the laser
pulse. (ii) Reacceleration.—The electron is reaccelerated
and begins to surf with the laser wave front, where the
energy loss induced by the RR is minimal. (iii) Transverse
expulsion.—The transverse ponderomotive force expels
the electron while it is still copropagating with the pulse.
After leaving the laser pulse, the electron retains its inertial
motion, which is termed as the permanent reflection.
To characterize the electron dynamics,we consider that the
electron (Lorentz factor γ0 ≫ 1) initially possesses a positive
momentum px and a counterpropagating linearly polarized
(LP) laser pulse with spot size σ0 and 1=e half duration τ0,
whose electric and magnetic fields can be expressed as Ey∝
a0expf−r2=σ20gexpf−ðϕ−ϕ0Þ2=ðω0τ0Þ2g andBz¼−Ey=c,
where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y2 þ z2
p
the transverse coordinate, ϕ ¼ ω0tþ
kx the relative phase and ϕ0 the initial condition. Taking
account of the relation of∇ · E ¼ 0 and∇ ·B ¼ 0, the laser
longitudinal fieldsEx andBx intrinsically exist. The classical
RRmodel adopts the classical LL force, which is formulated
as fLL ¼ −ð4πre=3λ0Þmeω0a2sχ2ev with λ0 (ω0) the laser
wavelength (frequency), re ¼ e2=mec2 the classical electron
radius, and as ¼ eEs=mecω0 the normalized Schwinger
field. For simplicity, we introduce the normalization
t→ωt, x→kx, v→v=c, p→p=mec, E → eE=mecω0,
and B → eB=meω0.
Below, we estimate the eventual momentum value when
the electron is merely damped and deflected rather than
reflected by the counterpropagating laser pulse. Here, the
small deflection approximation (SDA) is assumed when the
electron is not reflected, and the electron longitudinal
momentum is the dominant term in its relativistic Lorentz
factor, i.e., p2x ≫ p2⊥ ¼ p2y þ p2z . For a relativistic electron,
the condition of the SDA can lead to relations γ ≈ px, vx ≈ 1,
and χe ≈ 2pxa0=as as well. The electron longitudinal
dynamics under the continuous classical LL force can be
characterized by
dpx
dt
¼ −Ex − vyBz − ηvxχ2e; ð1Þ
dγ
dt
¼ −vxEx − vyEy − ηχ2e; ð2Þ
where the coefficient η ¼ ð4πre=3λ0Þmeω0a2s ≈ 1983 for
λ0 ¼ 1 μm. The sum of Eqs. (1) and (2) gives
dpx
dt
þ dγ
dt
¼ −ð1þ vxÞðηχ2e þ ExÞ: ð3Þ
The oscillating Ex in the right-hand side of Eq. (3) is
negligible when compared with the ηχ2e in contributing to
the damping of the electron longitudinal momentum.
Meanwhile, after substituting the relations γ ≈ px, vx ≈ 1,
and χe ≈ 2pxa0=as into Eq. (3), the damping rate of the
electron longitudinal momentum is expressed as
dpx
dt
≈ −2ηχ2e: ð4Þ
FIG. 1. (a) The schematic of a collision between the electron
bunch and laser pulse. (b) and (c) present the dependence of px on
the electron’s initial transverse coordinate r0 for the classical LL
and QED case, respectively. (d) and (e) are the same as (b) and
(c) but for p⊥. The black lines in (b) and (d) correspond to the
theory of Eqs. (5) and (9).
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The integral of Eq. (4) tells us the final longitudinal
momentum of the electron pxf after colliding with the pulse:
pxf ≈
γ0
1þ ffiffiffiffiffiffiffiffiπ=2p γ0ηða0=asÞ2τ0 exp ð−2r20=σ20Þ ; ð5Þ
where the pulse spot size is assumed nearly constant σ ≈ σ0
and the electron transverse movement is assumed to be
insignificant in the calculation (i.e., r ≈ r0). It is worth
pointing out that Eq. (5) will be retrieved to the damped
electron longitudinal momentum in the plane wave situation
[33] if the laser transverse profile term exp ð−2r20=σ20Þ is
neglected.
The equations of electron transverse momentum can be
written as
dpy
dt
¼ −Ey − vzBx þ vxBz − ηvyχ2e; ð6Þ
dpz
dt
¼ vyBx − ηvzχ2e: ð7Þ
Considering thevector potential of laser pulseAwith relation
−∂A=∂t ¼ E and ∇ ×A ¼ B, we can replace dAy=dt ¼
−Ey þ vxBz − vzBx þ vy∂Ay=∂y and Bx ¼ −∂Ay=∂z into
the above transverse dynamics equation and then obtain
dðp⊥ − A⊥Þ
dt
≈ −
1
2γ
∂A2⊥
∂y − ηv⊥χ
2
e; ð8Þ
where py ≈ Ay is utilized for the first-order approximation.
As the second term on the right-hand side of Eq. (8) is
oscillating and v⊥ ≈ 0, ηv⊥χ2e is neglected in estimating
the final net transverse momentum. The first term on the
right-hand side, −1=ð2γÞ∂A2⊥=∂y, is the transverse ponder-
omotive force of the laser pulse. When the electron dumps
more energy, the transverse expulsion becomes more con-
siderable. Substituting thepxfðtÞ ≈ γðtÞ into Eq. (8), the final
transverse momentum is approximated as
p⊥f ≈
a2s
2η
ϖ
γ0
ð1þ ργ0ϖÞ
r0
σ20
; ð9Þ
whereϖ ¼ ffiffiffiffiffiffiffiffiπ=2p ηða0=asÞ2τ0 exp ð−2r20=σ20Þ and ρ ≈ 0.33
is a constant accounting for the effective Lorentz factor
involved in the transverse ponderomotive force. The net
contribution of p⊥f predominantly comes from the longi-
tudinal damping and subsequent transverse expulsion.When
the transverse momentum becomes comparable with the
damped longitudinal one, the SDA is no longer valid, which
is considered as the criterion of permanent reflection induced
by the classical RR. From p⊥f ∼ pxf, the threshold is
estimated as
a2 ≈
1.7a4=3s
η2=3τ0

σ20
r0

1=3
exp ð2r20=σ20Þ: ð10Þ
Here, a is the required amplitude to trigger the permanent
reflection for a single electron. In order to estimate the
reflection criterion for thewhole electron bunch, we leverage
on the averaged value of threshold a over all the single
electrons. Correspondingly, the threshold of rebounding
the whole bunch of electrons can be approximated via the
average of a as
ath ≈
0.4a2=3s σ
1=3
0
η1=3τ1=20 r
2
0
ZZ
r0−1=12 exp
r02
σ20
rdψdr; ð11Þ
where r0 ¼ d20 þ r2 þ 2d0r cosψ and d0 is themisalignment
between the central axis of the electron bunch and the
colliding pulse. At the field strength ath, around 50% of
electrons of the bunch are reflected. The number is not exactly
50%, because the average weight is not a uniform function.
For a specific case d0 ¼ 0, Eq. (11) can be analytically
calculated as ath;d¼0 ≈ RefCð−1Þ1=12½Γð1112 ;−
r2
0
σ2
0
Þ − Γð11
12
Þg,
where Re denotes the real part, Γðl; xÞ is the incomplete
gamma function, and the constant factor C ¼ 1.2a2=3s σ13=60 =
ðη1=3τ1=20 r20Þ.
To prove the above analyses, simplified 3D simulations
are performed, where the model similar to Refs. [73–77] is
used in the numerical algorithm (Sec. S1 in Supplemental
Material [78]). The simulation box has a size of 100 μm×
100 μm × 100 μm, and the LP pulse has the waist radius
σ0 ¼ 5 μm, peak amplitude 50 ≤ a0 ≤ 450, temporal dura-
tion τ0 ¼ 3T0 (T0 ≈ 3.3 fs), and wavelength λ0 ¼ 1 μm.
It should be noted that the laser amplitude a0 ≫ 1 accords
with the local constant field approximation (LCFA)
[79–83] and, thus, issues of quantum interference [84] are
insignificant. A bunch of electrons, represented by N ¼ 105
macroparticles with initial γ0 ¼ 1000 and uniformly distrib-
uted within a cylinder with length 5 μm and radius 2.5 μm,
are injected from the left side to counter collide with the
pulse. Since the electron bunch from wakefield accelerators
is underdense and ultrarelativistic, the charge separation
force of electrons is negligible [85]. Moreover, the practical
energy spread δγFWHM=γ0 ¼ 5%, beam divergence 5 mrad,
and misalignment d0 are considered when simulating the
interaction processes in Figs. 3 and 4.
The dependence of the final electron momentum on its
initial coordinates r0 is illustrated in Figs. 1(b) and 1(d),
where the simulations are in good agreement with the
theory of px ¼ 1000=½1 þ 2.79ða0½100Þ2 expð−2r20=σ20Þ
from Eq. (5) and p⊥ ¼ 18.8ða0½100Þ2 expð−2r20=σ20Þ½1þ
0.93ða0½100Þ2 expð−2r20=σ20Þðr0=σ20Þ from Eq. (9) when
a0 ¼ 50, 150, and 250. For a0 ≤ 250, the relatively small
transverse py guarantees the validity of the SDA, but the
SDA is no longer valid for a strong laser pulse with
a0 ≥ 300. The evolution of px and the trajectories of
four typical electrons at a0 ¼ 350 are plotted in Fig. 2(a).
All of them experience a drastic energy damping during
49T0 < t < 51T0 as Rc ¼ αχea0 ≈ 4.36 manifests that the
average energy radiated by the electron in one laser period
is comparable to its initial energy [23,41,42,86]. Here, α ≈
1=137 is the fine structure constant. Electrons no. (1)–(3)
undergo a temporal reflection [70] and are reaccelerated
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during 51T0 < t < 60T0. For electron no. (1) with r0 ¼
0.0 μm, it cannot obtain a net transverse expulsion, so that
the tail down ramp of the laser pulse eventually pushes it
back to a positive px ¼ 28.5, which agrees well with
pxfja0¼350;r0¼0 ¼ 28.3 predicted by Eq. (5). The transverse
expulsion makes electrons no. (2) and (3) slide out of the
central axis, and, subsequently, they do not have a chance
to witness the down ramp of the laser pulse, whence a
permanent reflection occurs. The radiation damping for
electron no. (4) is not enough to trigger the temporal
reflection, and, thus, it is only deflected by the ponder-
omotive force. The simulation threshold of permanent
reflection for the classical LL model is shown in Fig. 2(c),
where theoretical a of Eq. (10) and the calculation for the
QED model are included as well. The parameters of four
electrons in Fig. 2(a) are also marked in Fig. 2(c).
In the quantum regime, the differential rate of emitting
photons (wave vector kν) with parameter χγ ¼ jFμνkνj=Es
by an electron with χe reads d2Nðχe; χγÞ=dχγdt ¼ ð
ffiffiffi
3
p
α=
2πτcÞ½χeFðχe; χγÞ=ðγχγÞ, where τc ≈ 1.28 × 10−6 fs is the
Compton time and the quantum synchrotron spectrum
Fðχe; χγÞ is validated under the LCFA [87]. The random-
ness and uncertainty of photon emission manifest that the
discrete quantum recoil is like a virtual inelastic collision
resulting in the transition from classical radiation cooling to
stochastic heating [88–90]. Considering the analytic irre-
ducibility of the QED model, we appeal to the numerical
method to investigate the underlying physics. The momen-
tum distributions of the QED electron in Figs. 1(c) and 1(e)
tend to be more insensitive and stochastic. The average
insensitivity is because the equivalent damping term
gðχeÞfLL is modified by a weight factor gðχeÞ ¼ ð3.7χ3e þ
31χ2e þ 12χe þ 1Þ−4=9 < 1 [35,73], which has already been
proved by experiments [39,40,91]. The evolution of px and
trajectories for four QED electrons (with the identical initial
coordinate r0 ¼ 0) is shown in Fig. 2(b), where two random
processes are intrinsically incorporated in the discrete
quantum emission. One is the possibility of photon gen-
eration, and the other is the random value of the emitted
energy. The red electron, undergoing sufficient recoil effect
during 48 μm ≤ x ≤ 49.5 μm, is easily reflected by the
counterpropagating pulse. The yellow electron, experiencing
relatively inadequate radiation damping during 48 μm ≤
x ≤ 50 μm, passes through the whole pulse with merely a
slight transverse deflection. The electrons marked in cyan
and purple are the intermediate case, where they undergo
temporal reflection but possess a positive px eventually.
The definition of electron reflection can be set as px < 0,
i.e., the angle θ ¼ arctanðp⊥=pxÞ > 90°. The angular
distributions of the electron number for 250 ≤ a0 ≤ 450
are shown in Fig. 2(d). In the upper panel of the classical
LL case, the average polar angle θ¯ ¼PNi¼1 θi=N increases
with the rising of the laser amplitude a0, and the full width
at half maximum (FWHM) bandwidth θb ≲ 5° is quite
narrow. Therefore, the reflection of electrons is sensitive
to the variation of laser amplitude a0. In contrast, due to
quantum weakening effects, the θ¯ of the QED model is a
little smaller compared to that of the classical LL case.
In the lower panel in Fig. 2(d), the bandwidth θb > 15° of
the QED case is much wider than the LL one due to its
stochastic emission processes, and it even exhibits a quasi-
isotropic feature around 350 < a0 < 400.
Because of the difficulty of tracking electrons in experi-
ments, measuring the reflection efficiency κ is more
feasible, where κ ¼ Nref=N is the ratio of the number of
reflected electronNref to the whole bunchN. The parameter
scans of κ with laser amplitude 210 ≤ a0 ≤ 450, spot size
3 ≤ σ0½μm ≤ 9, duration 1.5 ≤ τ0½T0 ≤ 5.5, initial energy
500 ≤ γ0 ≤ 2000, and misalignment 0 ≤ d0½μm ≤ 2, are
shown in Fig. 3. There is a pronounced separatrix in
Figs. 3(a), 3(c), 3(e), and 3(g) between κ ¼ 0 and 1.0, where
the thresholds of Eq. (11) drawn in black dashed lines
correspond well with the 3D simulations. In Figs. 3(b), 3(d),
3(f), and 3(h), the sharp transition becomes a gradual up ramp
for the QED case because of the stochastic RR and uncertain
FIG. 2. (a) The evolution of px versus x and trajectories of four
electrons (r0 ¼ 0.0, 0.8, 1.6, and 3.2 μm, respectively) charac-
terized by the classical LL for a0 ¼ 350, where the rainbow color
scale denotes the time and the white and red color map
corresponds to the strength of the laser field amplitude. (b) is
the same as (a) but for the QED electrons with the identical
r0 ¼ 0 in different colors. (c) The green solid line denotes the a
simulated from the classical LL model, the blue dashed line refers
to theoretical a of Eq. (10), and the viridis color map exhibits the
calculation of the QED model. (d) The electron angular distri-
bution dN=dθ for 250 < a0 < 450. The dashed green (red) line
denotes the average value θ¯ versus a0 for the LL (QED) case,
while the dotted line denotes the position of the FWHM.
GONG, HU, YU, SHOU, AREFIEV, and YAN PHYS. REV. ACCEL. BEAMS 22, 093401 (2019)
093401-4
trajectory. In Figs. 3(a) and 3(b), the required amplitude is
increased when the laser spot size σ0 varies from 4.8 to
9.0 μm, due to the weaker transverse ponderomotive expul-
sion induced by a larger spot size. The abnormal result for
3 μm < σ0 < 4.8 μm is because the spot size is too small to
interact with most of the electrons and the edge parts are
hardly reflected. In Figs. 3(c) and 3(d), there is a comple-
mentary relationship between the laser temporal duration τ0
and peak amplitude a0. Figure 3(e) shows that the reflection
threshold is not sensitive to the initial electron energy γ0 for
the classical case, whereas bigger amplitude a0 is required
to splash the electron bunch with the larger γ0 in Fig. 3(f).
The distinct pattern between the classical LL and QED
models still exists when the misalignment is relatively small
at d0 ≤ 1 μm as shown in Figs. 3(g) and 3(h). The same
parameter scans without considering the energy spread and
beam divergence are also performed, and the physics does
not change (Sec. S2 in Supplemental Material [78]).
Exploiting the threshold in Eq. (11), we propose to use
imaging plates (IPs) [92–94] to record the electron number
in a specific direction and, thus, determine which RRmodel
is closer to the exact form. All the detectors, as illustrated in
the schematic (Fig. 1), are set parallel with the plane z ¼ 0
and have the azimuthal angles θxy in the x–y plane: 0° (A),
30° (B), 60° (C), 90° (D), and 120° (E). Assuming the
detector plates with an area of 20 cm × 20 cm and 50 cm
from the interaction region, we find that each detector can
collect the electron within a conical angle of θc ≈ 11° along
its direction. The electron spatial distributions at time t ¼
80T0 for (a) a0 ¼ 300 and d0 ¼ 0, (b) a0 ¼ 400 and
d0 ¼ 0, and (c) a0 ¼ 400 and d0 ¼ 0.5 μm are shown in
Fig. 4, where the parameters (γ0 ¼ 1000, σ0 ¼ 5 μm, and
τ0 ¼ 3T0) are selected as the pentagrams marked in Fig. 3.
In the a0 ¼ 400 case [Fig. 4(b)], the QED electrons behave
like the isotropic water splash, while the classical LL
electrons are almost completely reflected with θ > 90°.
The electron number collected by each of the detectors is
plotted in the upper panel in Fig. 4(d), where the charge of
the whole electron bunch is assumed as 160 pc. The distinct
difference indicates that, if the electrons are exclusively
collected by detector E, the continuous classical LL force is
prioritized; otherwise, the QED discrete recoil tends to be
more accurate. Furthermore, a slight misalignment d0 ≠ 0
[Fig. 4(c)] does not result in a pronounced difference in
the electron distribution pattern compared with the perfect
aligned configuration [Fig. 4(b)], and merely a small
fraction of electrons are recorded by detector D [middle
panel in Fig. 4(c)]. In Eq. (11), increasing the duration τ0
is equivalent to reducing the required ath. The result of an
alternative parameter a0 ¼ 300 and τ0 ¼ 6T0 [lower panel
in Fig. 4(d)] also exhibits the capability to distinguish these
two RR models.
In conclusion, we demonstrate that the electron distri-
bution pattern induced by the RR when counter colliding
with a strong laser pulse is different between the models
of classical continuous damping and quantum discrete
recoil. In the classical RR, there is a precipitous threshold
determining whether the electron bunch is reflected or not.
Instead, the threshold becomes a smooth transition for the
quantum RR. Leveraging on the theoretical derivation and
numerical simulations, a practical scheme is proposed to
FIG. 3. (a),(b) The ratio κ obtained from 3D simulations figured
in a0 − σ0 space for τ0 ¼ 3T0, γ0 ¼ 1000, and d0 ¼ 0 μm. (c),(d)
and (e),(f) are identical with (a),(b), except the parameter planes
are in τ0 − a0 (for σ0 ¼ 5 μm, γ0 ¼ 1000, and d0 ¼ 0 μm) and
γ0 − a0 (for r0 ¼ 5 μm, τ0 ¼ 3T0, and d0 ¼ 0 μm), respectively.
(g),(h) exhibit the results in a0 − d0 space, where σ0 ¼ 5 μm,
τ0 ¼ 3T0, and γ0 ¼ 1000. The black dashed lines in the classical
LL case denote the theoretical threshold of Eq. (11). The green
pentagrams correspond to the parameters used in Figs. 4(a)–4(c).
FIG. 4. (a)–(c) The electron three-dimensional distributions at 80T0 for different parameters (see Supplemental Material [78]). The
blue, red, and green dots indicate the electron dynamics characterized by the Lorentz equation (without the RR), classical LL force, and
QED discrete recoil, respectively. (d) presents the number of electrons measured by each detector.
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measure the electron number in specific directions to
determine the exact form of the RR, which is instructional
for future experiments.
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